We present an algorithm to determine if the L-series associated to an automorphic representation and the one associated to an elliptic curve over an imaginary quadratic field agree. By the work of Harris-Soudry-Taylor, Taylor, and Berger-Harcos, we can associate to an automorphic representation a family of compatible -adic representations. Our algorithm is based on Faltings-Serre's method to prove that -adic Galois representations are isomorphic. Using the algorithm we provide the first examples of modular elliptic curves over imaginary quadratic fields with residual 2-adic image isomorphic to S 3 and C 3 .
Introduction
Modularity for elliptic curves over the rationals was one of the greatest achievements of the last century. It has been proven by Wiles, Taylor-Wiles and Breuil-Conrad-Diamond-Taylor.
Some progress has been made on a Shimura-Taniyama-Weil type correspondence over totally real fields, but the question is still very open for general number fields. Furthermore, not totally real fields are more intractable to Taylor-Wiles machinery. The case of imaginary quadratic fields has been extensively investigated numerically by Cremona, starting with his Ph.D. thesis and the articles [Cre84] , [Cre92] and [CW94] . More recently, some of his students extended the calculations to fields with higher class numbers. Their work focuses on the modular symbol method, which relies on computing homology groups by tessellating the hyperbolic 3-space. This allows one to compute the Hecke eigenvalues of eigenforms. Doing a computer search, they furthermore exhibit candidates for matching elliptic curves by showing that the Euler factors of the L-function of the elliptic curve and that of the modular form are identical for all prime ideals up to a certain norm. The numerical data supports the conjecture (see [Cre92] ): Conjecture 1. Let K be an imaginary quadratic field. In general there is a oneto-one correspondence between rational newforms of weight 2, level n and isogeny classes of elliptic curves defined over K with conductor n. The exceptional cases are:
• If E has complex multiplication by an order in K, then E corresponds to an Eisenstein series which is not a cusp form. • If for a cusp form f there exists a quadratic character ε of Gal(Q/K) such that f ⊗ ε is the lift of a cusp form over Q, then f corresponds to a "fake elliptic curve" instead. Namely, such a two-dimensional Galois representation of K may correspond to some abelian surface having Quaternionic Multiplication over K; i.e., the action of G K on the -adic Tate module of A is isomorphic to two copies of the Galois representation.
Furthermore, outside the exceptional cases, the properties of the classical case hold, namely:
• For a prime ideal p not dividing n, the trace of Frobenius of the curve at p equals the eigenvalue of the Hecke Operator T p acting on the corresponding newform. • If p divides n, then if p 2 divides n, the trace of Frobenius of the curve at p is zero. Otherwise, it equals minus the eigenvalue of W p .
This conjecture implies that the local factors of the automorphic representation L-series and the local factors of the elliptic curve L-series coincide.
In the present paper we present an algorithm to determine this statement for imaginary quadratic fields. In particular, if for a given newform one can compute enough Hecke eigenvalues, our algorithm allows us to prove modularity for all examples considered in the cited articles . The algorithm is based on the socalled Faltings-Serre method. For -adic Galois representations, the Faltings-Serre method enables one to prove isomorphicity of the semisimplifications (and therefore equality of the associated L-functions) by comparing only a finite number of Euler factors.
The Galois representations considered are, on the elliptic curves side, the one on the -adic Tate module and, on the automorphic forms side, the one given in [HST93] and [Tay94] . In these articles, the authors prove the existence of an -adic Galois representation associated to modular forms over imaginary quadratic fields with cyclotomic central character. Furthermore, the L-function Euler factors agree with that of the modular form outside a set of density 0 of prime ideals. The result was improved in [BH07] to agreement outside an explicit finite set of prime ideals. This now allows us to prove modularity, by checking directly the finitely many "bad" places.
Taylor also applied the Faltings-Serre method (with = 2) to prove the equality of the Euler factors of the elliptic curve over Q[ √ −3] of conductor 17+ √ −3 2 (corresponding to the second case of our algorithm) for a set of density one primes, therefore (almost!) proving the modularity of the elliptic curve.
The paper is organized as follows: in the first section we present the algorithms (which depend on the residual representations). In the second section we review the results of -adic representations attached to automorphic forms on imaginary quadratic fields. In the third section we explain Falting-Serre's method on Galois representations. In the fourth section we prove that the algorithm gives the right answer. Finally, we show some examples and some GP code written for the examples.
We thank Professor John Cremona for computing the Hecke eigenvalues of the automorphic forms considered in the examples and verifying they match the Lfunction Euler factors of the elliptic curves. This proves modularity of such elliptic curves. We would also like to thank Professor Jean-Pierre Serre for useful talks and the example provided to us while dealing with the case of a residual 2-adic image isomorphic to C 3 , and Professor Matthias Schütt for reading a first version of this paper and making corrections and comments on it. At last we would like to thank the referee for making the exposition clearer.
Algorithm
Let K be an imaginary quadratic field, E be an elliptic curve over K and f an automorphic form on GL 2 (A K ) whose L-series we want to compare. This algorithm answers if the 2-adic Galois representations attached to both objects are isomorphic and if the original L-series are equal. Since these Galois representations come in compatible families, in particular the algorithm determines whether the -adic Galois representations are isomorphic or not for any prime . It depends on the residual image of the elliptic curve representation.
The input in all cases is: K, E, n(E) (the conductor of E), n(f ) (the level of f ) and a p (f ) for some prime ideals p to be determined. By L E we denote the field obtained from K by adding the coordinates of the 2-torsion points of E.
Notation. ByQ we denote an algebraic closure of Q. Let K be an imaginary quadratic extension of Q, and α an element of K. Byᾱ we denote the conjugate of α. We denote by G K the absolute Galois group Gal(Q/K).
Let L/K be field extensions and p ⊂ O K . For q ⊂ O L a prime ideal above p, we denote by e(q|p) the ramification index.
Let K λ be a finite extension of Q l , O K λ be its ring of integers and F λ be the residue field. Given a representation ρ : G K → GL 2 (O K λ ), we denote byρ : G K → GL 2 (F λ ) its residual representation, that is, the composition of ρ with the quotient map GL 2 (O K λ ) → GL 2 (F λ ). In the special case where ρ is a representation coming from the action of G K on the Tate module T (E) of an elliptic curve E, the residual representation corresponds to the action of G K on the -torsion points E[ ].
2.1. Residual image isomorphic to S 3 .
(1) Let m K ⊂ O K be given by
Compute the ray class group Cl(O K , m K ). (2) Identify the character ψ corresponding to the unique quadratic extension of K contained in L E on the computed basis. (3) Extend {ψ} to a basis {ψ, χ i } n i=1 of the quadratic characters of Cl(O K , m K ). Compute prime ideals {p j } n j=1 with p j ⊂ O K , p j m K , and with inertial degree 3 in L E such that (log(χ 1 (p j )), . . . , log(χ n (p j ))) n j=1 = (Z/2Z) n (where we take any root of the logarithm and identify log(±1) with Z/2Z).
(4) If Tr(ρ f (Frob p )) is odd for all prime ideals p found in the last step,ρ f has image isomorphic to C 3 or to S 3 with the same intermediate quadratic field asρ E . If not, end with output "the two representations are not isomorphic".
is even for all prime ideals p found in the last step,ρ f has S 3 image with the same intermediate quadratic field asρ E . If not, end with output "the two representations are not isomorphic".
Compute the ray class group Cl(O K E , m K E ). (8) Identify the character ψ E corresponding to the cubic extension L E on the computed basis and extend it to a basis {ψ E ,
and such that (log(χ 1 (p j )), . . . , log(χ n (p j ))) m j=1 = (Z/3Z) m (where we take any identification of the cubic roots of unity with Z/3Z). If Tr(ρ f (Frob p j )) ≡ Tr(ρ E (Frob p j )) (mod 2) for 1 ≤ j ≤ m , both residual representations are isomorphic. If not, end with output "the two representations are not isomorphic".
Compute the ray class group Cl(O L E , m L E ). Let {a i } n i=1 be a basis for the even-order elements of Cl(O L E , m L E ) and let {χ i } n i=1 be a basis for its quadratic characters (dual to the ray class group one computed). (10) Compute the Galois group Gal(L E /K). (11) (Computing invariant subspaces) Let σ be an order 3 element of Gal(L E /K) and solve the homogeneous system ⎛ ⎜ ⎝ log(χ 1 (a 1 σ(a 1 ))) . . . log(χ n (a 1 σ(a 1 ))) . . . . . . log(χ 1 (a n σ(a n ))) . . . log(χ n (a n σ(a n )))
Denote by V σ the kernel. (12) Take τ an order 2 element of Gal(L/K) and compute V τ , the kernel of the same system for τ .
be a basis of the intersection. This gives generators for the S 3 × C 2 extensions. (14) Compute a set of ideals {p i } m i=1 with p i ⊂ O K and p i m K such that (log(χ 1 (p j )), . . . , log(χ n (p j )))
(15) If Tr(ρ f (Frob p i )) = Tr(ρ E (Frob p i )) for 1 ≤ i ≤ m, then the two representations agree on order 6 elements, else end with output "the two representations are not isomorphic". (16) For σ an order three element, solve the homogeneous system ⎛ ⎜ ⎝ log(χ 1 (a 1 σ(a 1 )σ 2 (a 1 ))) . . . log(χ n (a 1 σ(a 1 )σ 2 (a 1 ))) . . . . . . log(χ 1 (a n σ(a n ))σ 2 (a n )) . . . log(χ n (a n σ(a n )σ 2 (a n )))
Denote by W σ such a kernel.
be a basis of such a subspace. These characters give all the S 4 extensions. (1) Choose prime ideals P i , i = 1, 2, such that if α P i and β P i denote the roots of the characteristic polynomial of Frob P i , then αP i +βP i = 0 and in the extension Q[α P i ], 2 has no inertial degree. If Tr(ρ E (Frob P i )) = Tr(ρ f (Frob P i )), end with output "the two representations are not isomorphic".
(2) Let m K ⊂ O K be given by m K := p|2n(E)n(f )n(f )∆(K) p e(p) , where
Compute the ray class group Cl(O K , m K ). (log(χ 1 (q j )), . . . , log(χ n (q j ))) n j=1 = (Z/3Z) n .
(5) Consider the collection {p 1 , . . . , p m } of all prime ideals of O K which are below the prime ideals found in step (4).
(6) If Tr(ρ f (Frob p i )) ≡ 0 (mod 2) for all prime ideals p found in the last step, thenρ f has image trivial or isomorphic to C 2 . Otherwise, output "the two representations are not isomorphic". Remark 1. The algorithm can be slightly improved. In step (8), instead of aiming at the whole C r 2 , we can stop when we reach a non-cubic set.
In particular, the whole space V is non-cubic. The following result is useful for identifying non-cubic subsets of (Z/2Z)-vector spaces.
Residual image isomorphic to C 3 .
(1) Choose prime ideals P i , i = 1, 2, such that if α P i and β P i denote the roots of the characteristic polynomial of Frob P i , then αP i +βP i = 0 and in the extension Q[α P i ], 2 has no inertial degree. If Tr(ρ E (Frob P i )) = Tr(ρ f (Frob P i )), end with output "the two representations are not isomorphic".
Compute the ray class group Cl(O K , m K ). (log(χ 1 (p j )), . . . , log(χ n (p j ))) n j=1 = (Z/2Z) n (where we take any root of the logarithm and identify log(±1) with Z/2Z).
(5) If Tr(ρ f (Frob p )) is odd for all prime ideals p found in the last step, thenρ f has image isomorphic to C 3 . If not, end with output "the two representations are not isomorphic".
. . , log(χ n (p j ))) m j=1 = (Z/3Z) m (where we take any root of the logarithm and identify the log of the cubic roots of unity with Z/3Z). If Tr(ρ f (Frob p j )) ≡ Tr(ρ E (Frob p j )) (mod 2) for 1 ≤ j ≤ m , the two residual representations are isomorphic. If not, end with output "the two representations are not isomorphic". (7) Apply the previous case, steps (7) to (10), with K replaced by L E .
Sources of two-dimensional representations of G K
Let K be an imaginary quadratic field. We want to consider two-dimensional, irreducible, -adic representations of the group G K .
The first natural source of such representations comes from the action of G K on the torsion points of an elliptic curve E defined over K. More precisely, we consider the Tate module T (E) which is a free rank two Z -module with a G K -action, thus giving rise to an -adic representation
In order to make sure that the Galois representation ρ E, is absolutely irreducible we will assume that E does not have Complex Multiplication. The ramification locus of the representation ρ E, consists of primes of K dividing together with the set S of primes of bad reduction of E. The family of Galois representations {ρ E, } is a compatible family and has conductor equal to the conductor of the elliptic curve E.
On the other hand, Harris-Soudry-Taylor, Taylor, and Berger-Harcos (cf. [HST93] , [Tay94] and [BH07] ) have proved that one can attach compatible families of two-dimensional Galois representations {ρ } to any regular algebraic cuspidal automorphic representation π of GL 2 (A K ), assuming that it has unitary central character ω with ω = ω c , where the superscript c denotes the action of the nontrivial automorphism of K. This is equivalent to saying that the central character is the restriction of a character of G Q . As in the case of classical modular forms "to be attached" means that there is a correspondence between the ramification loci of π and the representation ρ and also that, at unramified places p, the characteristic polynomial of ρ (Frob p ) agrees with the Hecke polynomial of π at p. However, since the method for constructing these Galois representations depends on using a theta lift to link with automorphic forms on GSp 4 (A Q ), it cannot be excluded that the representations ρ also ramify at the primes that ramify in K/Q. The precise statement of the result, valid only under the assumption ω = ω c , is the following (cf. [Tay94] , [HST93] and [BH07] ): Theorem 3.1. Let S be the set of places in K dividing or where K/Q or π or π c ramify. Then there exists an absolutely irreducible representation:
such that if p is a prime of K not in S, then ρ π, is unramified at p and the characteristic polynomial of ρ π, (Frob p ) agrees with the Hecke polynomial of π at p. Remark 2. Observe that, in particular, if for some prime p ramifying in K/Q we happen to know that ρ π, is unramified at p, the above theorem does not imply that the trace of ρ π, (Frob p ) agrees with the Hecke eigenvalue of π at p, though it is expected that these two values should agree. It is also expected that there is a conductor for the family {ρ π, }, i.e., that the conductor should be independent of as in the case of elliptic curves. The value of this conductor should also agree with the level of π.
Remark 3. Since the families of Galois representations attached to an elliptic curve E over K and to a cuspidal automorphic representation π by the previous result are both compatible families, if one has for one prime that ρ E, ∼ = ρ π, , then the same holds for every prime .
Remark 4. Even if an automorphic representation π as above has integer eigenvalues and the right weight so that the attached Galois representations "look like" those attached to some elliptic curve, one has to be careful because over imaginary fields such Galois representations may correspond to a "fake elliptic curve" instead. Namely, such a two-dimensional Galois representation of K may correspond to some abelian surface having Quaternionic Multiplication over K; i.e., the action of G K on the -adic Tate module of A is isomorphic to two copies of the Galois representation. This phenomenon was studied by Cremona in [Cre92] and is the phenomenon mentioned in Conjecture 1. Even in this case, the algorithm works, since the input in any case is an elliptic curve over K and an automorphic form.
From now on, we assume that the field generated by the traces of Frobenius elements is the rational field Q, since these are the newforms corresponding to elliptic curves. This is the case considered in Lingham's examples, where he computed rational newforms.
Remark 5. At first the image is defined over a finite extension of Q . Actually, it can be defined over the ring of integers of an at most degree 4 extension E L of Q . Furthermore, let v i , i = 1, 2 be two unramified paces of K and let α i , β i be the roots of the characteristic polynomial of
and E L as its completion at any prime above by Corollary 1 of [Tay94] .
Faltings-Serre method
4.1. First case: The residual image is absolutely irreducible. In this section we review the Faltings-Serre ([Ser85]) method by stating the main ideas of [Sch06] (Section 5) in our particular case. Take = 2 and let
be representations for i = 1, 2 such that they satisfy:
• They have the same determinant.
• They are unramified outside a finite set S.
• The mod 2 reductions are absolutely irreducible and isomorphic.
• There exists a prime p such that Tr(ρ 1 (Frob p )) = Tr(ρ 2 (Frob p )).
We want to give a finite set of candidates for p. Choose the maximal r such that Tr(ρ 1 ) ≡ Tr(ρ 2 ) (mod 2 r ), and consider the non-trivial map φ : Gal(Q/K) → F 2 given by
Since the mod 2 residual representationsρ 1 andρ 2 are absolutely irreducible and their images are isomorphic, we can assume thatρ 1 =ρ 2 . Since Tr ρ 1 ≡ Tr ρ 2 (mod 2 r ), given
Consider the map ϕ : Gal(Q/K) → M 2 (F 2 ) Im(ρ 1 ) given by
An easy computation shows that
By (1), φ is defined on M 2 (F 2 ) Im(ρ 1 ) by φ(A, C) = Tr(AC). Letμ denote the composition of µ with reduction modulo 2. Since det(ρ 1 (σ)) ≡ (1 + 2 r Tr(µ(σ))) det(ρ 2 (σ)) (mod 2 r+1 ), the condition det(ρ 1 ) = det(ρ 2 ) implies that Im(μ) ⊂ M 0 2 (F 2 ) := {M ∈ M 2 (F 2 ) : Tr(M ) ≡ 0 (mod 2)}; hence it has order at most 2 3 . In our case, Im(ρ i ) = S 3 .
. This can be proved in different ways. We give an explicit isomorphism for latter considerations. Take the isomorphism between GL 2 (F 2 ) and S 3 given by
. It is clear that the action of S 3 on the last element is trivial. If we denote by v 1 , v 2 the first two elements of the basis and by v 3 their sum, the action of σ ∈ S 3 on the Klein group
with the same action as described above we get the desired isomorphism.
Clearly the elements of S 3 × ( 0 0 0 0 ), {1} × M 0 2 (F 2 ) and σ ∈ S 3 : σ 2 = 1 × ( 1 0 0 1 ) go to 0 by φ. It can be seen that all the other elements have non-trivial images (which correspond to the elements of order 4 or 6 in S 4 × C 2 ). If we denote by L the fixed field of ker(ρ 1 ), we need to compute all possible extensionsL of L Galois over K, unramified outside S and with Galois group over K isomorphic to a subgroup of S 4 × C 2 . For eachL, take a prime ideal pL ⊂ K with inertial degree 4 or 6 oñ L. Then {pL} has the desired properties.
Remark 6. In the proof given above, one starts with a mod r congruence between the traces of ρ 1 and ρ 2 and uses the fact that this implies that the two mod r representations are isomorphic. This result is proved in [Ser95] (Theorem 1) but only with the assumption that the residual mod representations are absolutely irreducible. In fact, it is false in the residually reducible case, and this is one of the reasons why the above method does not extend to the case of residual image cyclic of order 3. When the residual representations are reducible there are counterexamples to this claim even assuming that they are semi-simple. We thank Professor J.-P. Serre for pointing out the following counterexample to us: take = 2 and consider two characters χ and χ defined mod 2 r such that they agree mod 2 r−1 but not mod 2 r . Then χ ⊕ χ and χ ⊕ χ are two-dimensional Galois representations defined mod 2 r having the same trace, but they are not isomorphic.
Second case:
The image is a 2-group. This case was treated in [Liv87] , where the author proves the next theorem:
Theorem 4.2. Let K be an imaginary quadratic field, S a finite set of primes of K and E a finite extension of Q 2 . Denote by K S the compositum of all quadratic extensions of K unramified outside S and by P 2 the maximal prime ideal of O E . Suppose ρ 1 , ρ 2 : Gal(Q/K) → GL 2 (E) are continuous representations, unramified outside S, satisfying:
Then ρ 1 and ρ 2 have isomorphic semi-simplifications.
Proof. See [Liv87] .
Third case:
The image is cyclic of order 3. This is a mix of the previous two cases. Let E be a finite extension of Q 2 such that its residue field is isomorphic to F 2 . Suppose ρ 1 , ρ 2 : Gal(Q/K) → GL 2 (E) are continuous representations such that the residual representations are isomorphic and have image a cyclic group of order 3. Let K ρ be the fixed field of the residual representations kernel. If we restrict the two representations to Gal(Q/K ρ ), we get:
whose residual representation have trivial image. Hence we are in the 2-group case for the field K ρ and Livne's Theorem 4.2 applies.
Proof of the Algorithm
Before giving a proof for each case we make some general considerations. The image ofρ E is isomorphic to the Galois group Gal(L E /K). If E(K) has a two-torsion point, the image ofρ E is a 2-group. If not, assume (via a change of variables) that the elliptic curve has equation
and denote by α, β, γ the roots of x 3 + a 2 x 2 + a 4 x + a 6 . Using elementary Galois theory it can be seen that L E = K[α−β]. Furthermore, using elementary symmetric functions, it can be seen that α − β is a root of the polynomial
Note that under the isomorphism between S 3 and GL 2 (F 2 ) given in the previous section, the order 1 or 2 elements of S 3 have even trace while the order 3 ones have odd trace.
In the case where the image is not absolutely irreducible, we need to prove that the image lies (after conjugation) in an extension E of Q 2 with residual field F 2 .
Theorem 5.1. If E has no Complex Multiplication, then we can choose split primes of K,
Proof. Since E has no Complex Multiplication, if F is any quadratic field extension of Q 2 , the set of primes P such that Q 2 [α P ] = F has positive density (see for example Exercise 3, page IV-14 of [Ser68] ). Also, the set of primes P such that α P + β P = 0 has density zero (since E has no complex multiplication, see [Ser66] ), so we can find primes P such that Q 2 [α P ] = F and αP + βP = 0. The fields F 1 and F 2 obtained by adding the roots of the polynomials x 2 +14 and x 2 +6 to Q 2 (whose roots inQ 2 are different) are two ramified extensions of Q 2 . Their composition is a degree-4 field extension (since the prime 2 is totally ramified in the composition of these extensions over Q). Since the set of primes inert in K have density zero, we can choose prime ideals P 1 and P 2 such that Q 2 [α P 1 ] and Q 2 [α P 2 ] are isomorphic to F 1 and F 2 , respectively.
Actually we search for the first two primes such that if α P i and β P i denote the roots of the characteristic polynomial of their Frobenius automorphisms, then αP i + βP i = 0 and in the extension Q[α P i ], 2 has no inertial degree. The first step of the algorithm is to prove that the residual representations are indeed isomorphic, so as to apply the Faltings-Serre method. In doing this we need to compute all extensions of a fixed degree (2 or 3 in our case) with prescribed ramification. Since we deal with abelian extensions, we can use class field theory. Since we are interested in the case K an imaginary quadratic field, all the ramified places of L/K are finite ones; hence m is an ideal in O K . A bound for e(p) is given by the following result. 
Then for every non-trivial character ψ of
Taking logarithms and evaluating at p j we see that (ε 1 , . . . , ε n ) is a solution of the homogeneous system ⎛ ⎜ ⎝ log(ψ 1 (p 1 )) . . . log(ψ n (p 1 )) . . . . . .
Since {(log(ψ 1 (p j )), . . . , log(ψ n (p j )))} n j=1 span (Z/pZ) n , the matrix has maximal rank; hence ε i = 0 and ψ is the trivial character.
Remark 7. A set of prime ideals satisfying the conditions of the previous proposition always exists by Tchebotarev's density theorem. What we do in practice is to enlarge the matrix ⎛ ⎜ ⎝ log(ψ 1 (p 1 )) . . . log(ψ n (p 1 )) . . . . . .
with enough prime ideals of K until it has rank n.
Residual image isomorphic to S 3 .
Remark 8. If the residual representation is absolutely irreducible, we can apply a descent result (see Corollaire 5 in [Ser95] , which can be applied because the Brauer group of a finite field is trivial) and conclude that since the traces are all in F 2 , the representation can be defined (up to isomorphism) as a representation with values on a two-dimensional F 2 -vector space. Thus, the image can be assumed to be contained in GL 2 (F 2 ) and because of the absolute irreducibility assumption we conclude that the image has to be isomorphic to S 3 .
Furthermore, we have the following result.
Theorem 5.5. Assume that the traces of Frobenius elements of a 2-dimensional -adic Galois representation are all in Q and that the residual representation is absolutely irreducible. Then the field E can be taken to be Q .
Proof. This follows from the same argument as the previous remark. See also Corollary of [CSS97] , page 256.
Remark 9. Since all our traces lie in Q 2 , once we prove that the residual representation of ρ π,2 has image strictly greater than C 3 , we automatically know that it can be defined on GL 2 (Z 2 ).
We have the 2-adic Galois representations ρ E and ρ f and we want to prove that they are isomorphic. We start by proving that the reduced representations are isomorphic. The first step is to prove that if L f denotes the fixed field of the kernel of ρ f , then it contains no quadratic extension of K or it contains K E , the quadratic extension of K contained in L E .
We compute all quadratic extensions of K using Class Field Theory and Proposition 5.3. Let ψ be the quadratic character of Cl(O K , m K ) associated to K E . We extend {ψ} to a basis {ψ, χ i } n i=1 of the quadratic characters of Cl(O K , m K ) and find a set of unramified prime ideals {p j } n j=1 with inertial degree 3 on L E and such that (log(χ 1 (p j )), . . . , log(χ n (p j ))) n j=1 = (Z/2Z) n . Since an ideal with inertial degree 3 on L E splits on K E , ψ(p i ) = 1 for all 1 ≤ i ≤ n .
If χ is a quadratic character corresponding to a subfield of L f , χ = ψ ε κ, where κ = n i=1 χ ε i i . If κ = 1, then χ = ψ or trivial and we are done. Otherwise, by Proposition 5.4, there exists an index i 0 such that κ(p i 0 ) = 1. Furthermore, since ψ(p i 0 ) = 1, χ(p i 0 ) = 1. Hence Tr(ρ f (p i 0 )) ≡ 0 (mod 2) and Tr(ρ E (p i 0 )) ≡ 1 (mod 2), which implies that the residual representations are not isomorphic. This is done in steps (1)-(4).
Remark 10. Let P (x) denote the degree 3 polynomial in K[x] whose roots are the x-coordinates of the points of order 2 of E. The fact that the splitting field of P (x) is an S 3 extension allows us to compute how primes decompose in K E knowing how they decompose in the cubic extension K P of K obtained by adjoining any root of P (x). The factorization as well as the values of ψ(p) are given by the next table:
Proof. The last two cases are the easy ones: if p is inert in O K P , the inertial degree of p in [L E : K] is 3 since the Galois group is non-abelian. This corresponds to the last case of the table.
If pO K P factors as a product p 1 p 2 of two ideals, one of them has inertial degree 1 and the other has inertial degree 2. Since the inertial degree is multiplicative, the inertial degree of p in [L E : K] is 2 and we are in the second case.
The not so trivial case is the first one. Since L E /K is Galois, pO L E has 3 or 6 prime factors. Assume
Then it must be the case that (after relabeling the ideals if needed) if σ denotes one order-three element in Gal(L E /K), then σ(q 1 ) = q 2 and σ 2 (q 1 ) = q 3 . Since the decomposition groups D(q i |p) have order-2 and are conjugates to each other by powers of σ, they are disjoint and they are all the order-2 subgroups of S 3 . Since K P is a degree-2 subextension of L E , it is the fixed field of an order-2 subgroup. Without loss of generality, assume K P is the fixed field of D(q 1 |p). If we intersect equation (2) with O K P we get
We are assuming that (q
Let τ be the non-trivial element in D(q 1 |p), so τ acts trivially on K P . In particular, τ fixes q
Next we need to discard the C 3 case. Let m K be as described in step (1) of the algorithm, and let Cl(O K , m K ) be the ray class field. Suppose thatρ f has image isomorphic to C 3 . Let χ be (one of) the cubic character of Cl(O K , m K ) corresponding to L f . Let {χ i } m i=1 be a basis of cubic characters of Cl(O K , m K ). We look for prime ideals {p j } m j=1 that are inert in K E or split completely in L E (that is, they have order 1 or 2 in S 3 and in particular have even trace for the residual representationρ E ) and such that (log(χ 1 (p j )), . . . , log(χ m (p j ))) m j=1 = (Z/3Z) m . There exist such ideals by Tchebotarev's density theorem. By Proposition 5.4, there exists an index i 0 such that χ(p i 0 ) = 1; hence Tr(ρ f (p i 0 )) ≡ 1 (mod 2) while Tr(ρ E (p i 0 )) ≡ 0 (mod 2). Step (6) discards this case.
Once we know thatρ f has S 3 image with the same quadratic subfield asρ E , we take K E as the base field and proceed in the same way as in the previous case. This is done in steps (7) and (8).
At this point we have already decided whether the two residual representations are isomorphic or not. If they are, we can apply the Faltings-Serre method explained in the previous section. It implies computing all fieldsL with Galois group Gal(L/K) S 4 × C 2 . We claim that it is enough to look for quadratic extensions L of L unramified outside m L such that its normal closure is isomorphic to S 4 or S 3 × C 2 .
The claim comes from the fact that the group S 4 × C 2 fits in the exact sequences
Furthermore, every element of order 4 or 6 in S 4 × C 2 maps to an element of order 4 in S 4 or to an element of order 6 on S 3 × C 2 under the previous surjections. Then if we compute normal extensions of L with Galois group S 4 or S 3 × C 2 and a prime element of order 4 or 6 in each one of them, this set of primes is enough to decide whether the representations are isomorphic or not. The advantage of considering these two extensions is that they are obtained as the normal closure of quadratic extensions of L. 
L[ σ(α)]
(where by the product we mean the smallest field containing all of them insideQ).
In particular Gal(L/L) is an abelian 2-group. By the previous proposition, if L[ √ α] corresponds to the quadratic character ψ, then the other ones correspond to the characters σ.ψ, where σ ∈ Gal(L/K).
The first assertion is clear. To prove the second one, the condition (ψ)(σ.ψ) = σ 2 ψ and ψ's being fixed by an order-2 subgroup implies that [L : L] = 4. Hence the group Gal(L/K) fits in the exact sequence
In particular Gal(L/K) is isomorphic to the semidirect product S 3 (C 2 ×C 2 ), with the action given by a morphism Θ : S 3 → GL 2 (F 2 ). Its kernel is a normal subgroup; hence it can be GL 2 (F 2 ) (i.e., the trivial action), σ (the order-3 subgroup) or trivial. The condition on the stabilizer of ψ forces the image of Θ to contain an order-3 element; hence the kernel is trivial. Up to inner automorphisms, there is a unique isomorphism from GL 2 (F 2 ) to itself (and morphisms that differ by an inner automorphism give isomorphic groups); hence Gal(L/K) S 4 as claimed.
Remark 11. On the S 4 case of the last proposition, the condition on the action of σ is necessary. Consider the extension L = Q[ξ 3 , 3 √ 2], where ξ 3 is a primitive third root of unity. It is a Galois degree-6 extension of Q with Galois group S 3 . Take as generators for the Galois group the elements σ, τ given by σ : ξ 3 → ξ 3 and σ :
and τ :
The extension L 1 + 3 √ 2 is clearly fixed by τ , but its normal closure has degree
√ 2 as can be easily checked.
To compute all such extensions, we use Class Field Theory and Proposition 5.7. The first case is to compute the S 3 × C 2 extensions. A quadratic character χ is invariant under σ if and only if the character χ · (σ.χ) is trivial. If {χ i } n i=1 is a basis for the quadratic characters, χ = n i=1 χ ε i i for some ε i . We are looking for exponents ε i modulo 2 such that n i=1 ε i log(χ i (a)χ i (σ.a)) = 0 for all ideals a. Since the characters are multiplicative, it is enough to check this condition on a basis. This is the system we consider in step (11) for an order-3 element σ of Gal(L E /K). In step (12) we do the same for an order-2 element τ of Gal(L E /K) and in step (13) we compute the intersection of the two subspaces. These characters give all S 3 × C 2 extensions of L E . In step (14), using Proposition 5.4 we compute prime ideals having order 6 on each such extension.
At last, we need to compute the quadratic extensions whose normal closure has Galois group isomorphic to S 4 . Using the second part of Proposition 5.7, we need to compute quadratic characters χ such that χ(σ.χ)(σ 2 .χ) = 1 (where σ denotes an order-three element of Gal(L/K)) and also whose fixed subgroup under the action of Gal(L/K) has order 2. Let S denote the set of all such characters. Since σ does not act trivially on elements of S, we find that χ, σ.χ and σ 2 .χ are three different elements of S that give the same normal closure. Then we can write S as a disjoint union of three sets. Furthermore, since σ acts transitively (by multiplication on the right) on the set of order-2 elements of S 3 , we see that
where V τ denotes the quadratic characters of S invariant under the action of τ and the union is disjoint. Hence each one of these sets is in bijection with all extensions L of L. We compute one subspace and then use Proposition 5.4 on a basis of it to compute prime ideals of K having order 4 in each such extension. Note that the elements of order 4 correspond to prime ideals that are inert in any of the three extensions of L (corresponding to χ, σ.χ and σ 2 .χ); hence we consider not one prime above p ⊂ O K but all of them. This is done in steps (16)-(19).
5.2.
Trivial residual image or residual image isomorphic to C 2 . The first step is to decide if we can take E to be an extension of Q 2 with residue field F 2 so as to apply Livne's Theorem 4.2. Once this is checked, the algorithm is divided into two parts. Let ρ E , ρ f : Gal(Q/K) → GL 2 (Z 2 ) be given, with the residual image of ρ E being either trivial or isomorphic to C 2 . Steps (2) to (6) serve to the purpose of seeing whether ρ f has also trivial or C 2 residual image or not. Note that the output of step (6) does not say that the residual representations are actually the same, but they have isomorphic semisimplifications (in this case it is equivalent to saying that the traces are even). For example, there can be isogenous curves, one of which has trivial residual image and the other has C 2 residual image.
Suppose we computed the ideals of steps (2)-(5) andρ f has even trace at the Frobenius of these elements. We claim that ρ f has residual image either trivial or C 2 . Suppose on the contrary that ρ f has residual image isomorphic to C 3 . Let L 2 /K be the cyclic extension of K corresponding (by Galois theory) to the kernel ofρ f . This corresponds to a cubic character χ of Cl(O K , m K ). An easy calculation shows that if p ⊂ O K is a prime ideal not dividing m, then χ(p) = 1 if and only if Tr(ρ f (Frob p )) = 0. This implies that χ(p j ) = 1 for each j = 1, . . . , m. But χ is a non-trivial character. Then by Proposition 5.4 we get a contradiction.
Similarly, suppose that the residual image of ρ 2 is S 3 . Let L 2 /K be the S 3 extension of K corresponding (by Galois theory) to the kernel ofρ f , and M 2 /K its unique quadratic subextension. The extension L 2 /M 2 corresponds to a cubic character χ of Cl(O M 2 , m M 2 ), and the proof follows the previous case.
Steps (7)-(10) check if the representations are indeed isomorphic once we know that the traces are even using Theorem 4.2. We need to find a finite set of primes T , which will only depend on K, and check that the representations agree at those primes. In the algorithm and in the theorem, we identify the group Gal(K S /K) with the group of quadratic characters of Cl(O K , m). In step (8), we compute the image of Frob p ∈ Gal(K S /K) via this isomorphism and compute enough prime ideals so as to get a non-cubic set of Gal(K S /K). Then the semisimplifications of the representations are isomorphic if and only if the traces at those primes agree.
5.3.
Residual image isomorphic to C 3 . Let K be an imaginary quadratic field and let ρ E , ρ f : Gal(Q/K) → GL 2 (E) be the Galois representations attached to E and f respectively.
The first step is to decide if we can take E to be an extension of Q 2 with residue field F 2 . Once this is checked, we need to prove that the residual representationρ f has image isomorphic to C 3 . For doing this we start proving that it has no order 2 elements in its image. If such an element exists, there exists a degree-2 extension of K unramified outside 2n(E)n(f )n(f )∆(K). We use Proposition 5.3 and Class Field Theory to compute all such extensions. Once a basis of the quadratic characters is chosen, we apply Proposition 5.4 to find a set of ideals such that for any quadratic extension, (at least) one prime q in the set is inert in it. Since the residual image is isomorphic to a subgroup of S 3 ,ρ f (q) has order exactly 2. In particular its trace is even. If Tr(ρ f (p)) is odd at all primes, then Im(ρ f ) contains no order-2 elements. Also since Tr(id) ≡ 0 (mod 2) we see thatρ f cannot have trivial image; hence its image is isomorphic to C 3 . This is done in steps (2) to (5) of the algorithm.
To prove thatρ f factors through the same field asρ E , we compute all cubic Galois extensions of K. This can be done using Class Field Theory again, and this explains the choice of the modulus in step (1), so as to be used for both quadratic and cubic extensions. Note that the characters χ and χ 2 give rise to the same field extension. If ψ E denotes (one of) the cubic characters corresponding to L E , we extend it to a basis {ψ E , χ i } m i=1 of the cubic characters of Cl(O K , m K ) and find a set of prime ideals {p j } m j=1 such that (log(χ 1 (p j )), . . . , log(χ n (p j ))) m j=1 = (Z/3Z) m and ψ E (p j ) = 1 for all 1 ≤ j ≤ m .
If χ is a cubic character corresponding to L f , then χ = ψ ε E κ, where κ = n i=1 χ ε i i . If κ = 1, then χ = ψ E or ψ 2 E and we are done. If not, by Proposition 5.4, there exists an index i 0 such that κ(p i 0 ) = 1. Furthermore, since ψ E (p i 0 ) = 1, χ(p i 0 ) = 1. Hence Tr(ρ f (p i 0 )) ≡ 1 (mod 2) and Tr(ρ E (p i 0 )) ≡ 0 (mod 2).
At this point we have already decided whether the two residual representations are isomorphic or not. If they are, we can apply Livne's Theorem 4.2 to the field L E , which is the last step of the algorithm.
Examples
In this section we present three examples of elliptic curves over imaginary quadratic fields, one for each class of residual 2-adic image, and show how the method works. The first publications comparing elliptic curves with modular forms over imaginary quadratic fields are due to Cremona and Whitley (see [CW94] ), where they consider imaginary quadratic fields with class number 1. The study was continued by other students of Cremona. The examples we consider are taken from Lingham's Ph.D. thesis (see [Lin05] ), who considered imaginary quadratic fields with class number 3.
All our computations were done using the PARI/GP system ([PAR08]). In the next section we present the commands used to check our examples so as to serve as a guide for further cases. The routines written by the authors can be downloaded from [CNT] , under the item "modularity". . Let E be the elliptic curve with equation
It has conductor n E =p 2 p 13 , wherep 2 = 2, 1 − ω and p 13 = 13, 8 + ω . There is an automorphic form of level n f =p 2 p 13 and trivial character (denoted by f 2 in [Lin05], table 7.1) which is the candidate to correspond to E. We know that f has a 2-adic Galois representation attached whose L-series local factors agree with L(f, s) at all primes except (at most) {p 23 ,p 2 , p 2 , p 13 ,p 13 }. Let ρ E be the 2-adic Galois representation attached to E. Its residual representation has image isomorphic to S 3 as can easily be checked by computing the extension L E of K obtained by adding the coordinates of the 2-torsion points. Using the routine Setofprimes we find that the set of primes of Q[ √ −23] dividing the rational primes {3, 5, 7, 29, 31, 41, 47} is enough for proving that the residual representations are isomorphic and that the 2-adic representations are isomorphic as well. Note that the normal answer of the routine would be the set {3, 5, 7, 11, 19, 29, 31, 37}, but since some of these ideals have norm greater than 50, they are not in table 7.1 of [Lin05] . This justifies using some flags in the routine (as documented) to get our first list and prove modularity in this particular case. The values of the a p for these primes are listed in Table 6 .1.
To prove that the answer is correct, we apply the algorithm described in section 2.1:
(1) Since 2 is unramified in K/Q, the modulus is m K = 2 3 13 √ −23. (2) The ray class group is isomorphic to C 396 × C 12 × C 2 × C 2 × C 2 × C 2 . Using Remark 10 we find that the character ψ in the computed basis corresponds to χ 3 , where {χ i } is the dual basis of quadratic characters. (3) The extended basis is {ψ, χ 1 , χ 2 , χ 4 , χ 5 , χ 6 }. Computing some prime ideals, we find that the set {p 3 , p 5 ,p 29 , p 31 , p 47 } has the desired properties (using Remark 10 we know that the primes with inertial degree 3 are the ones in the third case). (4) Table 6 .1 shows that Tr(ρ f (Frob p )) is odd in all such primes p.
(5) The group of cubic characters has as dual basis for Cl(O K , m K ) the characters {χ 1 , χ 2 }; i.e., χ i (v j ) = δ i,j ξ 3 , where ξ 3 is a primitive cubic root of unity and δ i,j is Dirac's delta function. The ideals p 3 and p 7 are inert in the quadratic subextension of L E and (log(χ 1 (p 3 )), log(χ 2 (p 3 ))), (log(χ 1 (p 7 )), log(χ 2 (p 7 ))) = (Z/3Z) 2 .
(6) From Table 6 .1 we see that Tr(ρ f (Frob p 3 )) is even; henceρ f has image S 3 with the same quadratic subfield asρ E . (7) The field K E can be given by the equation x 4 + 264 · x 3 + 26896 · x 2 + 1244416 · x + 21958656. The prime number 2 is ramified in K E , and factors as 2O K E = p 2 2,1 p 2,2 . The prime number 13 is also ramified and factors as 13O K E = p 2 13,1 p 13,2 p 13,3 . The prime number 23 is ramified, but has a unique ideal dividing it in K E . The modulus to consider is m K E = p 2,1 p 2,2 p 13,1 p 13,2 p 13,3 p 23 .
We claim that ψ E = χ 4 , where χ i is the dual basis for cubic characters of Cl(O K E , m K E ). We know that p 3 is inert in K E ; hence ψ E (p 3 ) = 1. The prime number 7 is inert in K E ; hence ψ E (p 7 ) = 1. The prime 37 is inert in K, but splits as a product of two ideals in K E . Then ψ E (p 37 ) = 1 in both ideals. There is a unique (up to squares) character vanishing in them, and this is ψ E .
The basis {ψ E , χ 1 , χ 2 , χ 3 } extends {ψ E } to a basis of cubic characters. The point here is that the characters χ i need not give Galois extensions over K. A character gives a Galois extension if and only if its modulus is invariant under the action of Gal(K E /K). The characters χ 1 , χ 3 , χ 4 do satisfy this property; hence the subgroup of cubic characters of Cl(O K E , m K E ) with invariant conductor has rank 3. A basis is given by {ψ E , χ 1 , χ 3 }. If we evaluate χ 1 and χ 3 at the prime above p 3 and p 7 we see that they span the Z/3Z-module. We already compared the residual traces in these ideals; hence the two residual representations are indeed isomorphic. (9) We compute an equation for L E over Q. From the ideal factorizations 2O L E = q 2 2,1 q 2 2,2 q 2 2,3 q 3 2,4 , 13O L E = q 2 13,1 q 2 13,2 q 2 13,3 q 13,4 q 13,5 and 23O L E = q 2 23,1 q 2 23,2 q 2 23,3 we take m L E = q 5 2,1 q 5 2,2 q 5 2,3 q 7 2,4 q 13,1 q 13,2 q 13,3 q 13,4 q 13,5 q 23,1 q 23,2 q 23,3 as the modulus and compute the ray class group Cl(O L E , m L E ). It has 18 generators (see the GP Code section). (10) We compute the Galois group Gal(L E /K), and choose an order-3 element and an order-2 element from it. (11) We compute the kernels of the system and find out that the kernel for the order-3 element has dimension 8. (12) The kernel for the order-2 element has dimension 11. (13) The intersection of the previous two subspaces has dimension 6. It is generated by the characters {χ 1 , χ 2 χ 5 , χ 2 χ 3 χ 6 χ 7 , χ 3 χ 4 χ 9 , χ 12 χ 13 χ 14 , χ 8 χ 10 χ 12 χ 15 χ 17 }. (14) The ideals above {3, 5, 11, 29, 31} satisfy that their logarithms span the Z/2Z vector space. (15) The ideal above 11 is missing in table 7.1 of [Lin05] since it has norm 121, but we can replace it by the ideals above 47 which appear in Table 6 .1. So we checked that the two representations agree in order-6 elements. (16) The space of elements satisfying the condition in the order-3 element has dimension 10. (17) The intersection of the two subspaces has dimension 5. A basis is given by the characters {χ 1 χ 2 χ 4 , χ 1 χ 2 χ 6 , χ 3 χ 10 χ 11 χ 14 , χ 3 χ 16 , χ 1 χ 10 χ 11 χ 12 χ 13 χ 17 }. (18) The prime ideals above {3, 7, 19, 29, 31} do satisfy the condition, but since the prime 19 is inert in K, its norm is greater than 50. Nevertheless, we can replace it by the primes above 41 which are in Table 6 .1. (19) Looking at Table 6.1 we find that the two representations are indeed isomorphic. (20) From the same table we see that the eigenvalues for the Atkin-Lehner involutions W p for p =p 2 and p 13 are −1 and 1, respectively, which is minus the trace of Frobenius of E at these primes. The Hecke eigenvalues of the automorphic form at the primes p 2 ,p 13 and p 23 are 0, 5 and 6, respectively, which also coincide with the elliptic curve a p in such primes; hence the two L-series agree. If the stronger version of Theorem 3.1 saying that the level of the Galois representation equals the level of the automorphic form is true, the set of primes to consider can be diminished by removing the primes above 37 in the second set of primes. . According to [Lin05, Table 5 .1], the conductor of E is p 2 p 5 , where p 2 = 2, ω and p 5 = 5, ω + 1 . There is a newform of level this level and trivial character (denoted by f 1 in [Lin05, Table 7 .4]) which is the candidate to correspond to E.
We know that f has a 2-adic Galois representation attached whose L-series local factors agree with L(f, s) at all primes except (at most) {p 31 ,p 2 , p 2 , p 5 ,p 5 }. Let ρ E be the 2-adic Galois representation attached to E. Its residual representation has image isomorphic to C 2 as can easily be checked by computing the extension L E of K obtained by adding the coordinates of the 2-torsion points.
Using the routine Setofprimes, we find that the set is enough for proving that the residual representations are isomorphic and that the 2-adic representations are isomorphic as well. The values of the a p for these primes are listed in Table 6 .2, which was computed by Professor Cremona (using some Magma code written by himself and Lingham) and sent to us in a private communication. He also checked that these values match the elliptic curve ones, which proves modularity in this case. To prove that the answer is correct, we apply the algorithm described in section 2.2:
(1) The primes above 41 and 47 prove that the residual representation of the automorphic form lies in GL 2 (F 2 ), because the values of a p 41 , ap 41 , a p 47 and ap 47 are −2, 2, 6, −8, respectively (see Table 6 .2). The degree 4 extension of Q 2 has equation x 4 − 16x 3 + 252x 2 − 1504x + 2756, and the prime 2 is totally ramified in this extension.
(2) The modulus is m K = 2 3 5 √ −31, and the ray class group
(3)-(5) There are 64 quadratic (including the trivial) extensions of K with conductor dividing m K . We calculate each one, with the corresponding ray class group described in the algorithm; we pick a basis of cubic characters of each group and evaluate them at each prime in {3, 7, 11, 13, 17, 19}. It turns out that this set is indeed enough for proving whetherρ f has residual image trivial or isomorphic to C 2 .
(6) Since Tr(ρ f (Frob p )) ≡ 0 (mod 2) for the primes in the previous set (see [Lin05] , is enough. In order to see this, we must check that the Frobenius at all the primes of K above these ones cover Gal(K S /K) \{id}. We calculate a basis {ψ 1 , ψ 2 , ψ 3 , ψ 4 , ψ 5 } for the quadratic characters of Cl(O K , m K ) and compute, for p a prime of K above one of these primes, (log ψ 1 (p), . . . , log ψ 5 (p)). We simply check that this set of coordinates has 63 elements, so the primes we listed are enough. (9)-(10) From [Lin05, Table 7 .5] we see that the eigenvalues for the Atkin-Lehner involutions W p for p = p 2 and p 5 are 1 and −1, respectively, which is minus the trace of Frobenius of E at these primes. The Hecke eigenvalues of the automorphic form at the primesp 2 ,p 5 and p 31 are 1, 0 and 4, respectively, which also coincide with the elliptic curve a p in such primes; hence the two L-series agree.
Remark 12. We applied our routine to the curve over Q[ √ −3] of conductor 17+ √ −3 2 considered by Taylor and got the same set of primes needed to prove modularity, as expected. It has conductor n E = p 3 2p 2 2 , where p 2 = 2, ω . There is an automorphic form of the same level and trivial character (denoted by f 5 in [Lin05], table 7.4) which is the candidate to correspond to E.
We know that f has a 2-adic Galois representation attached whose L-series local factors agree with L(f, s) at all primes except (at most) {p 31 ,p 2 , p 2 }. Let ρ E be the 2-adic Galois representation attached to E. Its residual representation has image isomorphic to C 3 as can easily be checked by computing the extension L E of K obtained by adding the coordinates of the 2-torsion points.
Using the GP routine Setofprimes, we find that the set of primes of Q[ √ −31] above {3, 5, 7, 11, 13, 17, 19, 23, 29, 37, 41, 43, 47, 53, 59, 67, 71, 73, 79, 89, 109, 127, 131, 149, 173, 193, 227, 283, 293, 349, 379, 431, 521, 577, 607, 653, 839, 857, 1031, 1063, 1117, 1303, 1451, 1493, 1619, 1741, 2003, 2153, 2333, 2707, 2767, 2963, 3119, 3373, 3767} is enough for proving that the residual representations are isomorphic and that the 2-adic representations are isomorphic as well. The values of the a p for these primes are listed in Table 6 .3, which was computed by Professor Cremona (using some Magma code written by himself and Lingham) and sent to us in a private communication. He also checked that these values match the elliptic curve ones, which proves modularity in this case. To prove that the answer is correct, we apply the algorithm described in section 2.3: (1) The primes above 131 and 149 prove that the residual representation of the automorphic form lies in GL 2 (F 2 ), because the values of a p 131 , ap 131 , a p 149 and ap 149 are 4, 4, 18, 2, respectively. They satisfy the hypothesis of Theorem 5.1, and the degree 4 extension of Q obtained has equation x 4 − 28x 3 + 684x 2 − 6832x + 24992, where the prime 2 factors as the product of two ramified primes. (2) Since 2 is unramified in K/Q, the modulus is m K = 2 3 . √ −31. We compute this ray class group and find that Cl(O K , m K ) C 30 × C 6 × C 2 × C 2 .
(3) The group of cubic characters has as dual basis for Cl(O K , m K ) the characters {χ 1 , χ 2 }. On the routine basis, the cubic character (up to squares) that corresponds to L E is χ 1 . (4) Let {χ 1 , . . . , χ 4 } be a set of generators of the order-two characters of Cl(O K , m K ) with respect to the previous isomorphism. By computing their values at prime ideals of O K we found that the set C = {p 5 ,p 5 , p 7 ,p 7 } satisfies the desired properties. (5) The traces of the Frobenius at these primes are odd (see Table 6 .3). Hence the residual image is isomorphic to C 3 . (6) Since there is only one other cubic character (χ 2 ), it turns out that χ 1 (p 3 ) = 1, but χ 2 (p 3 ) = 0. Since Tr(ρ f (Frob p 3 )) ≡ Tr(ρ E (Frob p 3 )) (mod 2), the two residual representations are isomorphic. (7) As in the previous example, Livne's method implies that the primes above the primes in the set 
